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We investigate semi-active control for a wide class of systems with scalar
nonlinear semi-active actuator dynamics and consider the problem of designing
control laws that guarantee stability and provide sufficient performance. Requiring
the semi-active actuator to satisfy two general conditions, we present a method for
designing quickest descent controllers generated from quadratic Lyapunov func-
tions that guarantee asymptotic stability within the operating range of the semi-
active device for the zero disturbance case. For the external excitation case,
Žbounded-input, bounded-output stability is achieved and a stable attractor ball of
.ultimate boundedness of the system is computed based on the upper bound of the
disturbances. We show that our wide class of systems covers, in particular, two
nonlinear actuator models from the literature. Tuning the performance of the
simple Lyapunov controllers is straightforward using either modal or state penal-
ties. Simulation results are presented which indicate that the Lyapunov control
laws can be selected to provide similar decay rates as a ‘‘time-optimal’’ controller
for a semi-actively controlled single degree of freedom structure with no external
excitation.  2000 Academic Press
1. INTRODUCTION
Semi-active control devices can be as simple as a fluid damper with a
Ž  .variable valve orifice e.g., 6, 16, 21 or as high-tech as a variable state
‘‘smart’’ material such as electrorheological fluid or magnetorheological
Ž  .fluid e.g., 2, 7 . The variability of such devices, regardless of type, can be
used to alter the dynamic characteristics of a structure. Over the past
decade, semi-active control has been investigated as a means to attenuate
Ž .the effects of disturbances e.g., earthquakes, wind, and truck traffic
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0022-247X00 $35.00
Copyright  2000 by Academic Press
All rights of reproduction in any form reserved.
SEMI-ACTIVE STRUCTURAL CONTROL SYSTEMS 941
acting on dynamical structures such as bridges, buildings, vibratory plat-
forms, balances, scales, etc., in an effective way and with low to moderate
energy cost requirements as compared to that needed by active control
schemes. Since the dynamics coupling between a semi-active control device
and a structural system could possibly in some cases add energy to the
structural system, stable structures when acted upon by semi-active control
   are not necessarily immune to instability 1 . That is, in 1 , Corless and
Leitmann proved that it is possible for a variable stiffness controller to
destabilize a system if the control logic is improperly selected. Further-
more, improperly designed semi-active control could potentially convert
external disturbance energy into structural destabilizing energy. Conse-
quently, stability properties of controlled systems are just as important for
semi-active control schemes as they are for active control.
Semi-active hardware devices considered by researchers in the open
literature are often characterized by nonlinear dynamics, yet many struc-
tural control designs completely neglect the dynamics of the actuators 2,
3, 5 . Most often, semi-active actuators are modeled as instantaneously
 adjustable linear devices with either variable stiffness parameters 6, 12 ,
     variable damping parameters 19, 21, 22 or both 7, 8, 20 . Leitmann 7
designed a variable stiffness and damping Lyapunov controller that is
stable for a single degree-of-freedom system.
Even though stability has been established in the literature for the
 semi-active control system in 7 , it has been an open question for semi-
active control of structures using nonlinear dynamics models of actuators
Ž  . Ž  .e.g., 10, 15, 16 . Various researchers e.g., 6, 16, 20 have developed
semi-active variable orifice hydraulic actuators capable of impacting the
Žstiffness and damping of a structural system e.g., seismic structures and
 .interstate highway bridges 13, 17, 18 . Even though Lyapunov type
 control laws 11, 13 have been developed for such semi-active control
systems, stability issues have not been addressed beyond guarantees that
the first derivative of the Lyapunov function is positive semi-definite. In
this paper we consider stability issues for a wide class of such systems for
the scalar control input case. In particular, we consider stability issues
associated with employing ‘‘quickest descent’’ Lyapunov type controllers
for stable structural systems coupled with a single ‘‘generic’’ nonlinear
semi-active actuator that satisfies two general conditions. We show that a
semi-active hydraulic actuator model in the literature accounting for
transitions between laminar and turbulent flow satisfies our two general
conditions. For our wide class, we show that quadratic asymptotic stability
Ž . Žto the origin holds for zero disturbances and that a stable attractor ball
.of ultimate boundedness of the structural system can be computed based
on the upper bound of the disturbances. In addition to stability results, we
compare the performances of a variety of Lyapunov control designs.
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Furthermore, we compare ‘‘quickest descent’’ Lyapunov type controllers
with some time-optimal control solutions and show that such controllers
compare very well even though they are simple.
2. SYSTEM MODEL WITH NONLINEAR SEMI-ACTIVE
ACTUATOR DYNAMICS
Consider a class of semi-actively controlled linear systems
x A x B yD d 1Ž .˙ s s s
and semi-active actuators that satisfy nonlinear dynamics of the form
y A x B y  yu , 2Ž . Ž .˙ sa sa
where A is an n n Hurwitz matrix, x is an n 1 state vector, y is thes
scalar state of the semi-active actuator, d is a Lebesgue-measurable scalar
disturbance to the system, and A and B form a controllable pair. A iss s sa
a 1 n vector coupling the actuator to the system, B is a scalar functionsa
of the actuator state y, and u is a scalar control input. The variables y, u,
and d are bounded,
y t  y ,  t 3Ž . Ž .max
0 u t  u ,  t 4Ž . Ž .max
d t  d ,  t . 5Ž . Ž .max
B is a scalar function of y, which satisfies the two conditionssa
Condition I lim B y y 0 6Ž . Ž .sa
y0
 Condition II 0  B y  y : y  y 7Ž . Ž .sa max
for some 	 0 such that the following matrix A is Hurwitz
A Bs sA . 8Ž .A usa max
Ž .Let  be a constant such that Condition II is satisfied and 8 is Hurwitz.
Ž .Equation 2 is modified by adding and subtracting the term  yumax
y A x  yu   u  B y u y. 9Ž . Ž .Ž .˙ sa max max sa
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Ž . Ž .Equations 1 and 9 are combined to obtain a state space realization of
the coupled system,
z Az B  yu  B y yu Dd , 10Ž . Ž .Ž .˙ max sa
where
0B 11Ž .1
DsD 12Ž .
0
and the augmented state vector is
xz . 13Ž .y
Ž .In 3 the bound on y is due to physical limitations of the semi-active
actuator state. For example, the state for a hydraulic actuator usually
represents differential pressure, which is limited to a safe operating limit;
see Section 5. For variable orifice hydraulic actuators the limits on u are
due to the geometry of the control valve.
In practice, we have found that a positive  is needed to make A
Ž .Hurwitz and  is usually selected as the greatest lower bound in 7 .
3. QUICKEST DESCENT CONTROL LAW
The energy in the coupled structureactuator system is quantified by a
quadratic Lyapunov function of the form
V zTPz , 14Ž .
where P is a symmetric positive definite weighting matrix on the aug-
Žmented state vector that is yet to be specified. P is specified later as the
Ž . .solution to 22 . The rate of change of energy in the system can be
represented as the first derivative of the function V with respect to time
˙ T TV z Pz z Pz. 15Ž .˙ ˙
Ž . Ž .Substituting the coupled state equation 10 into 15 results in
˙ T T T T TV z PA A P z 2 z PB yu  2 z PBB y yu 2 z PDd.Ž . Ž .max sa
16Ž .
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Ž .It can be seen that only the third term on the right hand side of 16 is
directly influenced by the control input u. For quickest descent, the goal of
the control is to make the term
2 zTPBB y yu 17Ž . Ž .sa
as positive as possible and non-negative at all times. The following control
Ž . Ž .logic accomplishes that by applying the control constraint 4 to 17 and
noting that B is non-negativesa
0 if zTPBy 0
u t  18Ž . Ž .T½ u if z PBy	 0.max
Such control algorithms are often referred to in the literature as quickest
Ž  .descent controllers e.g., 23 . The following section provides a straightfor-
ward method for determining the matrix P that guarantees Lyapunov
stability of the coupled actuator and structure.
4. LYAPUNOV STABILITY ANALYSIS
Ž .Consider the Lyapunov function 14 . For the positive definite matrix P
let V denote a positive value and consider the resulting ellipsoid E1 1
E  z
 Rn1 : zTPz V . 19Ž . 41 1
Let V be the largest value of V such that E does not contain a pointmax 1 1
Ž .z with some component y that violates the constraint 3 . Also, define the
operating space E as the ellipsoidal regionmax
E  z
 Rn1 : zTPz V . 20Ž . 4max max
Ž .The first time derivative of the Lyapunov function 16 can be rewritten
as
˙ T T TVz Qz 2 z PBy  u  B y u  2 z PDd , 21Ž . Ž .Ž .max sa
where Q is defined as
Q PA ATP . 22Ž . Ž .
Ž .At this point, P is determined by solving 22 for some specified positive
definite matrix Q. For A stable and Q positive definite, there is a unique
Ž .positive definite solution P to the Lyapunov equation 22 . This value of P
Ž . Ž .is used in Eqs. 14  18 to determine the control logic. The matrix Q is
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essentially a performance index for the control and can be designed using
modal or state penalties. If it can be shown that
˙ TVz Qz , Q 0 23Ž .
then all conditions for Lyapunov stability are satisfied for the system
Ž .  controlled by 18 3 . In the following lemmas and theorems, we show that
Ž .23 holds for the appropriate space.
Ž .Consider the second term on the right hand side of 21 . In Lemma 1,
we show that it is non-positive
Ž .LEMMA 1. For the control law 18 , the following inequality holds for all
 y  y ,max
zTPBy  u  B y u  0. 24Ž . Ž .Ž .max sa
Ž . Ž .Proof. Note that if y 0 then 24 holds for any B y satisfyingsa
Condition I.
In the following, we assume y 0.
Ž . T TCase a . z PBy 0. Since y 0 we have z PB 0 which satisfies
Ž .24 .
Ž . TCase b . z PBy 0. For this case u 0. We have
zTPBy u  B y u  zTPByu . 25Ž . Ž .Ž .max sa max
Ž .Since  is non-negative, 24 follows.
Ž . T  Case c . z PBy 0 and y  y . For this case u u . The leftmax max
Ž .hand side of 24 can be rewritten as
zTPBy  u  B y u  zTPBy  B y u . 26Ž . Ž . Ž .Ž . Ž .max sa sa max
Ž . Ž .From Condition II we have  B y and 24 holds. This concludes thesa
proof of the lemma.
Ž . Ž .Incorporating the inequality 24 of Lemma 1 into 21 , it follows that
˙ T TVz Qz 2 z PDd. 27Ž .
THEOREM 1. For the case in which the excitation to the system d 0, the
Ž . Ž .control law 18 proides quadratic asymptotic stability for the system 10 in
the region z
 E .max
˙ TProof. From Lemma 1, we get Vz Qz for the case d 0. This
yields quadratic asymptotic stability since both P and Q are positive
definite.
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Next consider the case in which the seismic input is nonzero and
bounded. Define
z  2Q1PDd . 28Ž .d max
Let V be the minimum value of  such that the following conditionmin
holds
if zTQz zTQz then zTPz  . 29Ž .d d
Define the ellipsoid
E  z : zTPz V . 30Ž . 4min min
It is assumed that V  V .min max
Define the ellipsoid
E  z : zTQz zTQz . 31Ž . 4z d dd
Note that E  E .z mind
˙LEMMA 2. If z E then V 0.zd
˙COROLLARY 1. V 0 for all z E .min
Proof of Corollary. This follows from Lemma 2 since E  E .z mind
Proof of Lemma 2. By rewriting the disturbance as d d wheremax
2 Ž . Ž .  1 and combining with 27 and definition 28 we get
˙ T TVz Qz  z Qz . 32Ž .d
Since Q is positive definite, it can be decomposed into positive square root
factors QW T W. Let Z denote the linear subspace in Rn1 whose1
vectors z satisfy the orthogonality condition1
Wz Wz . 33Ž .1 d
It follows that for each z
 Rn1 there exists a unique z 
 Z and a1 1
unique real number  such that
WzWz  Wz , 34Ž .1 d
where Wz and Wz are orthogonal.1 d
Let z be an arbitrary vector in Rn1 such that
zTQz zTQz . 35aŽ .d d
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Ž .To complete the proof of Lemma 2, from 32 it suffices to show
zTQz  zTQz  0. 35bŽ .d
Ž .For the arbitrarily selected z satisfying 35a , let z and  be the unique1
Ž .quantities for which 34 is satisfied. We consider three cases with respect
Ž . Ž .to the value of  and show that 32 and 35b are met in each case.
Ž . Ž .Case a . Suppose  0. Equation 32 can be written as
˙ T TVz Qz  z Qzd d
˙which satisfies V 0 for  0.
Ž . T TCase b . Suppose 0  1. Then z E  z Qz z Qz andz d dd
Ž .32 becomes
˙ TV 1   z QzŽ . Ž .d d
˙which satisfies V since 0  1.
Ž . Ž .Case c . Suppose 	 1. In this case 32 can be rewritten as
˙ T 2 TVz Qz      z Qz .Ž . Ž .1 1 d d
	 1 implies 2 	 0 since  2 1.
˙If  1 then z  0 since z E ; it follows that V 0. If  11 zd2 ˙then    0 which also gives V 0.
Since z was arbitrary for z E Lemma 2 follows.zd
  Ž .THEOREM 2. For d  d the control law 18 proides quadraticmax
conergence to inside the ellipsoid Emin.
Proof. This follows from Lemmas 1 and 2.
Ž . ŽThe ball defined by E in 31 provides a stable attractor ball ofzd
. Ž . Ž .ultimate boundedness for the system 10 controlled by 18 for distur-
Ž .bances that satisfy the bound 5 . For zero disturbances, the control law
Ž . Ž .18 provides quadratic asymptotic stability to the origin for system 10
provided the initial condition belongs to the region E .max
5. APPLICATIONS TO VARIABLE ORIFICE HYDRAULIC
SEMI-ACTIVE ACTUATOR
Model 1. The dynamics of the variable orifice semi-active actuator
  Ž .described in 10, 15, 16 can be characterized by 2 provided the variation
in volume of each actuator chamber is small and the bulk modulus of the
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hydraulic oil is constant. The actuator state y represents differential
pressure  p and the maximum control input u is the maximum controlmax
Ž .valve orifice area A . For this case, the function B  p has the form	 max sa
2
B  p  
C  p . 36Ž . Ž . Ž .sa d (    p
The value 
 is a constant dictated by the actuator geometry, C is thed
valve discharge coefficient,  is the density of the hydraulic fluid, and u is
 the valve orifice area. The model in 10, 15, 16 can be extended to treat
laminar, turbulent, and transition flow by allowing the discharge coeffi-
 cient to vary 9 . For laminar flow
 12  C  p  k  p , 0  p   p . 37Ž . Ž .d 1 1
In the transition between laminar and turbulent flow
 C  C  p  C ,  p   p   p , 38Ž . Ž .d1 d d max 1 2
Ž .where C is obtained from 37 with  p  p .d1 1
In the turbulent region
 C  p  C ,  p   p   p . 39Ž . Ž .d d2 2 max
The value of  p is selected such that C  C .1 d1 d2
A typical plot of the discharge coefficient C for an orifice versusd
 Reynolds number is given in Fig. 313 in 9 . Consider the laminar region
Ž . Ž . Ž .where  p 0. Substituting 37 into 36 we see that B  p satisfiessa
Ž . Ž .Condition I. It is readily seen that B  p satisfies inequality 7 ofsa
Condition II for the constant  satisfying
2 C Cd1 d2
0    
 min , 40Ž .max ( ½ 5  p  p' '2 max
Ž .for all of the flow regions.  is the least upper bound satisfying 7 .max
Model 2. Another model used to characterize the behavior of a semi-
 active device given in 14 is
i2 i1 B  p  
C  p , 41Ž . Ž .sa d ž /
where C is a constant discharge coefficient, and the exponent i isd
bounded
0 i 1. 42Ž .
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The value of i depends on the type of flow. For laminar flow, i 1 and for
Ž .turbulent flow i 0.5. Since i 0, Condition I is satisfied. Inequality 7
of Condition II is met for  defined as
1 2
0    
C min , 43Ž .max d ½ 5 p max
Ž . Ž .Assume that the matrix A in 8 is Hurwitz for some  satisfying 40 or
Ž .43 . Since both Conditions I and II are met for Models 1 and 2, Lemmas 1
Ž .and 2 and Theorems 1 and 2 hold. Consequently, the system 10 con-
Ž .trolled by 18 is stable for either Model 1 or 2.
6. LYAPUNOV CONTROL PERFORMANCE
The performance of the Lyapunov control algorithm was simulated
using the model of the three-story scale structure with a single semi-active
variable orifice hydraulic actuator as shown in Fig. 1. A 3 degree-of-free-
dom lumped parameter model of the structure is provided in the Ap-
pendix. The structure was excited with 0.550 Hz band limited white noise
ground acceleration. Two methods were used to determine P for the
Ž .control logic given by Eq. 18 . The first method utilized a modal canonical
system realization. The second used the state variable form of the system
model provided in the appendix. In all cases, Q was a diagonal matrix and
Ž .P was obtained by solving Eq. 22 . For reference, Test 1 was performed
with the semi-active actuator operated in a passive mode using the maxi-
mum control valve orifice area. The diagonal elements of Q and the
Ž .associated values of PB used to generate the control logic in 18 are given
in Tables I and II for the different control laws. Note that in Test 11, a
greater emphasis is placed on the first state, which is the first floor relative
displacement where the actuator directly acts. The maximum relative
displacements between each floor for all of the designs are compared in
Fig. 2. Test 11 has the least peak deflection of all the cases. This is
expected since the emphasized state penalty coincided with the actuator
location. The corresponding RMS relative displacements are plotted in
Fig. 3. Figures 4 and 5 depict the maximum and RMS differential pres-
sures in the semi-active actuator for each case. The peak differential
pressures remain below the maximum value of 21 MPa and Test 11 was
less than 6 MPa. The decay rate of each controller was also obtained by
simulating the unforced response of the system with an initial displace-
ment between the ground and first floor. The decay times are provided in
Tables I and II for each control law.
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FIG. 1. Scale 3-story test structure with semi-active actuator.
TABLE I
Variations of Lyapunov Control Parameters for the Modal Canonical System
Test Diagonal values Decay
Ž .label of Q PB time s
   2 1 1 1 1 1 1 1 0.92 5.25 6.86 0.16 0.07 0.03 0.27 1.412
   3 100 1 1 1 1 1 1 0.92 5.25 6.86 0.16 0.07 0.03 0.35 1.422
   3 1 100 1 1 1 1 1 3.46 169.16 316.71 2.02 3.50 2.92 6.64 2.166
   5 1 1 100 1 1 1 1 6.21 194.90 360.29 2.34 3.86 3.15 7.45 2.179
   6 1 1 1 100 1 1 1 11.89 66.86 49.56 3.81 2.23 2.64 7.32 2.187
   7 1 1 1 1 100 1 1 65.81 90.01 7.99 3.92 0.57 1.73 5.39 2.627
   8 1 1 1 1 1 100 1 2.04 17.98 0.74 2.29 1.64 0.99 0.79 2.460
   9 1 1 1 1 1 1 100 6.80 11.99 2.71 2.03 1.45 0.89 0.70 1.311
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TABLE II
Variations of Lyapunov Control Parameters for the State Variable System
Test Diagonal values Decay
label of Q PB time
   10 1 1 1 1 1 1 1 0.03 1.34 2.13 0.04 0.03 0.02 0.09 1.646
   11 100 1 1 1 1 1 1 0.03 1.34 2.13 0.05 0.02 0.02 0.09 1.440
   12 1 100 1 1 1 1 1 0.03 1.39 2.12 0.05 0.03 0.02 0.09 1.653
   13 1 1 100 1 1 1 1 0.03 1.38 2.18 0.04 0.03 0.02 0.09 1.650
   14 1 1 1 100 1 1 1 0.70 1.00 0.45 1.67 0.01 0.01 2.00 3.554
   15 1 1 1 1 100 1 1 1.23 44.67 46.66 1.56 1.38 1.71 3.52 1.403
   16 1 1 1 1 1 100 1 1.10 92.59 170.88 1.22 1.40 0.46 3.14 1.806
   17 1 1 1 1 1 1 100 0.03 1.34 2.13 0.04 0.03 0.02 0.10 21.442
FIG. 2. Maximum relative displacement between floors.
The figures indicate that regardless of the control logic, the semi-active
control effectively reduces the response of the system compared to the
Ž .passive case. The control law with equal weighting on the modes Test 2
provides the most peak response reduction with the least peak actuator
Ž .force for the modal cases. The state variable controller Test 11 with a
higher penalty on the relative displacement between the ground and first
floor provided the best peak response performance for all the cases
considered. Control 11 was able to effectively reduce the peak magnitude
of the relative displacement between the ground and first floor where the
actuator is positioned with the least control force.
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FIG. 3. RMS relative displacement between floors.
FIG. 4. Maximum semi-active actuator differential pressure.
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FIG. 5. RMS semi-active actuator differential pressure.
7. LYAPUNOV VS ‘‘TIME-OPTIMAL’’ CONTROL
Numerical simulations were conducted to assess the transient response
characteristics of a Lyapunov controller for a single degree-of-freedom
system with a semi-active actuator. The equations of motion
x˙  A x  B  p 44Ž .ˆ ˆr r r r
Ž .were obtained by performing model order reduction on system 1 . The
values of A and B are given in the Appendix. An iterative solution toR R
the necessary conditions for the ‘‘time-optimal’’ control history and a
controller that minimizes the product of the actuator force and relative
velocity are used for comparison. Figure 6 presents the position and
velocity phase response of the controlled systems to a nonzero initial
condition with no disturbance. The norm of the state vector is plotted as a
function of time in Fig. 7. The ‘‘time optimal’’ control decayed to a norm
of 0.1 in 0.36 s. Despite the simplicity of the control law, the Lyapunov
Ž .controller only took approximately twice as long 0.68 s to decay while the
forcevelocity control required 3.68 s to reach the terminal condition.
8. CONCLUSIONS
Using quadratic Lyapunov functions, a technique is presented for de-
signing quickest descent semi-active controllers that have guaranteed
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FIG. 6. Position and velocity phase response to an initial condition.
FIG. 7. Norm of the state vector vs time for an initial condition.
stability for a wide class of systems with nonlinear actuator dynamics. The
stability results are obtained by requiring that the nonlinear actuator
dynamics satisfy two general conditions. For the zero disturbance case,
asymptotic stability to the origin is achieved within the operating range of
the semi-active device. For the external excitation case, a stable attractor
Ž .ball of ultimate boundedness of the structural system is computed based
on the upper bound of the disturbances. We show that our wide class of
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systems covers, in particular, two nonlinear actuator models in the litera-
ture. Simulation results are also presented to depict the ease of tuning the
performance of our simple Lyapunov controllers using either modal or
state variable penalties. In addition, numerical simulations are presented
which indicate that the resulting Lyapunov control laws derived using our
technique can be selected to provide improved transient response charac-
teristics over a traditional minimum forcevelocity control law for a
semi-actively controlled single degree-of-freedom structure with no exter-
nal excitation. Furthermore, the simple closed-loop Lyapunov controller
achieved a decay time of 0.68 seconds for the single degree-of-freedom
structure, which compares well with that of an open-loop ‘‘time-optimal’’
controller that had a decay time of 0.36 seconds. The forcevelocity
Ž .controller took more than 5 times as long to decay 3.68 s than the
Lyapunov controller.
APPENDIX
The units for the relative displacements and velocities of the structure
mmare in mm and , respectively. The actuator differential pressure is in
s
MPa. The parameters used in the simulation are
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1A s 1051 1047 0 1.6 0.5 0
1051 2079 1246 1.6 0.9 0.4
0 1033 2395 0 0.4 0.8
T B  0 0 0 2998 2998 0s
T D  0 0 0 1 0 0s
 A  0 0 0 28.5 0 0sa
1
2Mpa

 0.213 2ž /kg  mm  s
C  0.61d
kg
7 8.65  10 3mm
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A  17.9 mm2	 max
 p  21 MPamax
and the reduced order model
0 1A r 338 0.5
T B  0 963 .r
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